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Abstract
In this paper, we examine the error performance of backscatter communication in the presence of
ambient interference, where the backscatter device acts as a relay. Specifically, the performance com-
parison of amplify-and-forward (AF) and decode-and-forward (DF) backscatter relaying is considered
for the first time. Considering energy-based detection for on-off keying (OOK) modulation, we derive
the statistics of the received signal power, from which the detection thresholds and corresponding bit
error rates (BER) are obtained analytically. For the DF scheme, we allow the source node to transmit
continuous-wave signals during the relay-to-destination transmission phase to power the backscatter
relay. Under a total power budget constraint at the source, we optimise the power allocation for the
transmissions in the source-to-relay and relay-to-destination phases. Numerical results show that the DF
scheme has a slight advantage over the AF scheme when the interference power received at the relay
is much stronger than the interference power at the destination. On the other hand, the AF scheme
significantly outperforms the DF scheme when the reflection coefficients at the backscatter device do
not correspond to perfect OOK. These results provide valuable insights into the design and deployment
of backscatter nodes with the goal of improving coverage.
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relation, energy-based detection, bit error rate.
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2I. INTRODUCTION
A. Background and Motivation
The proliferation of the Internet of Things (IoT) paradigm in recent years has invariably
resulted in the deployment of massive numbers of low-power sensors, which monitor and gather
data from the surrounding environment. These devices have lower complexity than conventional
cellular user equipment (UE) and can communicate with central entities and each other au-
tonomously. Nonetheless, such devices perform active transmissions, which result in significant
power consumption. As future networks are expected to be comprised of billions of such devices,
the amount of effort required to replace batteries, which is the preferred mode of power supply
in these devices, would quickly become infeasible.
Backscatter communication has received increased attention in recent years as a way for low-
complexity devices to ease their reliance on battery power. The concept of communication by
reflection of radiofrequency (RF) signals has been extensively used in radiofrequency identifica-
tion (RFID) systems. Low-power transceivers, referred to as tags, are powered by a continuous
wave (CW) carrier signal originating from the reader, which has its own power supply and
performs signal processing. The tag modulates data onto the CW signal by switching its antenna
between different load impedances corresponding to reflecting states; the information-bearing
carrier signal then returns to the reader. Previous studies in [2]–[6] demonstrated the practicality
of backscatter systems from both theoretical and implementation perspectives, with emphasis on
more flexible RF source placement under the unmodulated RF signal case, and interoperability
with legacy ambient signals which may already be modulated.
Much research effort has been devoted to improving the reliability of backscatter communi-
cation in terms of detection performance, range and coverage. Expressions for the complete link
budget for the monostatic architecture were presented in [7], where the maximum communication
range was shown to be up to several metres. The design of optimal backscatter reflection
coefficients was considered in [8]; while the authors in [9] examined higher-order modulation
and coding to improve range and spectral efficiency. For the bistatic architecture, where the RF
source is separated from the reader, detection performance was studied under both coherent and
noncoherent cases [10]–[12], to realise the potential of an order of magnitude increase in range.
Moreover, there has also been considerable progress in characterising detection performance
of ambient backscatter systems, in works such as [13]–[16]. From a coverage perspective, the
April 3, 2019 DRAFT
3work in [17] and [18] examined the network throughput and outage probability using stochastic
geometry; although the analysis was limited by the available range of monostatic systems.
A second, lesser studied use case for backscatter communication is where devices utilising
backscatter modulation act as relays, as opposed to sourcing its own data and modulating it
onto the carrier. To address the joint requirements of IoT networks on coverage and node
lifetime while maintaining acceptable detection performance, relay by backscatter appears to
be an efficient alternative to powered relays. The functionalities of backscatter relays differ from
those of conventional relays, which perform active transmissions and complex signal processing
operations, in addition to incorporating error-correction coding into its communication. Removing
the need for active communication in relays can drastically improve network lifetime. In addition,
the same level of coverage can be achieved if many backscatter devices are deployed, with far
less need for maintenance.
Recently, several works have examined the use of backscatter devices as relays. The work
in [19] was among the first to explore the relay use case, where a base-station-aided relaying
protocol was considered to enable communication between two backscatter devices located out
of range from each other. The role of backscatter relays in [19] was similar to the traditional
amplify-and-forward (AF) protocol, in that each node selected a load impedance and reflected
incoming signals without processing. Backscatter-enabled relays with energy storage and har-
vesting capabilities were considered in [20], [21], where [20] examined the performance of a
relay capable of performing both SWIPT and backscatter communication from the source signal,
with the relay utilising the conventional decode-and-forward (DF) scheme; and [21] derived the
optimal time-switching schemes at an energy-harvesting relay capable of both backscatter and
active transmissions. The work in [22] derived optimal and suboptimal detection thresholds and
bit error rate (BER) for a two-way backscatter communication system facilitated by a central
relay, where it is assumed that the receiver has knowledge of CSI. More recently, a system with
an active source and a hybrid energy-harvesting relay capable of both active and backscatter
communication was considered in [23]. The relay is powered by a field of energy sources while
a separate group of interferers are distributed in the field, and the coverage probability was
derived for the case where only ambient backscatter mode was used.
With the exception of [23], all the above-mentioned existing works on backscatter relaying
have considered the equivalent of the DF scheme. To the best of our knowledge, a detailed
characterisation and comparison of DF and AF relaying schemes under the context of backscatter
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4communication is lacking. The theoretical insights obtained from such an analysis can be valuable
for choosing an appropriate relaying scheme for future backscatter relaying networks.
B. Our Work and Contributions
In this paper, we consider a two-hop relaying system where the relay is a backscatter device.
The system model we consider is particularly applicable to networks deployed in locations where
the presence of obstacles prevents direct communication between the source and destination,
such that the destination is located in a ‘blind spot’. Such situations may occur in industrial
environments where it is desirable to provide coverage to the blind spot in a low-maintenance
manner. We consider the presence of ambient interference at both the relay and destination. BER
performance under both the DF and AF schemes are characterised to provide insights on the set
of conditions where each scheme outperforms the other.
The main contributions of this paper are as follows:
• We introduce a new DF scheme specifically for backscatter relaying, where the source
actively powers the relay’s communication. A corresponding transmit power allocation
problem is formulated for the source node, where the source is subject to a power budget
constraint.
• We characterise the test statistics of energy-based detection for OOK-modulated signals at
both the backscatter relay and the destination, and derive the optimal and low-complexity
detectors. The performance of the detector based on a Gaussian approximation is shown to
have good agreement with the optimal detector for BER up to 10−3.
• We derive the analytical BER expressions for both the DF and AF relaying schemes; and
show that having the backscatter relay operating under the DF scheme with optimal power
allocation has the potential to outperform the AF scheme. We also examine the choice of
reflection coefficients on the performance of each scheme. Extensive numerical results are
presented to provide design insights on scenarios under which either the DF or AF scheme
outperforms the other.
• Moreover, we also investigate the effect of correlation between the interference signals
received at the relay and the destination, which is particularly relevant to backscatter relaying
systems. Our numerical results indicate that the interference correlation has only a marginal
impact on the BER of both the DF and AF schemes.
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5C. Paper Organisation and Notations
The rest of this paper is organised as follows. Section II introduces the system model. In
Section III, the signal model for the DF and AF relaying schemes are introduced. Section
IV derives the statistics required for detection at both relay and destination, and presents the
detection thresholds. Section V presents the BER expressions, as well as the source power
allocation problem under the DF scheme. Numerical results are presented in Section VI and
Section VII concludes the paper.
We denote the expectation and variance operators by E {·} and Var {·} respectively. P (·)
denotes the probability of an event. For complex-valued quantities, |·| denotes the magnitude, ∗
denotes complex conjugate, and Re {·} denotes the real part. N (µ, σ2) and CN (µ, σ2) represent
Gaussian and complex Gaussian distributions with mean µ and variance σ2. Γ(k, θ) represents
a gamma distribution with shape factor k and scale factor θ; while NC-χ2(k;λ) represents a
noncentral chi-squared distribution with k degrees of freedom and noncentrality parameter λ.
II. SYSTEM MODEL
We consider a system with three nodes: source, backscatter relay and destination, denoted
by S, R and D respectively in subscripts hereafter. The source is an active radio with its own
power supply. The relay transmits via backscatter modulation only. The destination recovers the
information from the relay and has its own power supply to support the decoding operation. We
also consider the presence of ambient interference signals originating from outside the system,
which are continuously received at the relay and destination and denoted by zR[n] and zD[n],
respectively. In addition, the noise terms at the relay and destination are denoted by wR[n] and
wD[n], respectively. The system setup is given in Fig. 1.
The source wishes to communicate to the destination assisted by the backscatter relay. We
assume that the source is located with respect to the destination such that direct communication
is not possible, which is an assumption adopted in existing backscatter communication literature
[23], and more commonly in powered relay networks and industrial IoT settings [24], [25]. In
the sequel, we outline the DF and AF backscatter relaying schemes.
• In the DF scheme, the relay needs to first decode the signal from the source, and then re-
transmit it using backscattering. Transmissions from the source to the destination are divided
into two timeslots. In the first timeslot, the source transmits its message to the relay, which
attempts to detect the received symbols. In the second timeslot, the relay remodulates the
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6Fig. 1: System model for backscatter relay-aided communication.
received symbols and transmits it to the destination via backscattering; simultaneously, the
source transmits a continuous wave (CW) signal to power the relay. Note that the source’s
transmission of the unmodulated CW signal in the second timeslot is a unique feature
designed specifically for the backscatter relay system.
• In the AF scheme, the incoming signal from the source is directly backscattered by the
relay without delay. As a result, the destination receives the backscattered signal within the
same timeslot as the transmission from the source.
We assume on-off keying (OOK) modulation, where the source performs active transmission
and the relay performs backscatter modulation. Both relay and destination are equipped with an
energy-based detector. We take the circuit energy consumption at the relay to be negligible to
simplify analysis.
In this work, we assume that the source and relay do not utilise error correction codes; as such,
it is more appropriate to refer to DF as demodulate-and-forward in practice. The inclusion of
error-correction codes and its associated performance is outside the scope of this work. Moreover,
the AF scheme technically does not amplify the signal, as the backscatter relay is not able to
increase the signal power through reflection. We refer to the scheme as AF for convenience.
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7III. SIGNAL MODEL AND RELAYING PROTOCOLS
We consider a baseband discrete-time signal model where the time index of the signal samples
is denoted by n; each source symbol spans N samples.
The channel coefficient from node a to node b is denoted by hab and accounts for the path loss
between the two nodes. We consider stationary devices and account for the fact that practical
communication for backscatter devices occur over short distances; as a result, the effects of small-
scale fading is not considered here. Mathematically, we have hab =
(c/fc)2
dγ(4pi)2
, with c = 3×108m/s,
fc being the carrier frequency, dab denoting distance between nodes a and b, and γ being the
path loss exponent. For simplicity, we assume all antenna gains to be unity.
A. Backscatter Operation
For the DF scheme, the backscatter relay performs modulation by switching between two
load impedances connected to the antenna, each of which corresponds to a reflection coefficient
that determines the amount of reflected power. The reflection coefficient is denoted as Γ[n],
which is constant over each source symbol period. The use of two impedances results in two
reflection coefficients Γ0 and Γ1 which are the two possible values of Γ[n], corresponding to
binary modulation. The baseband signal at the relay can be written as
B[n] = A− Γ[n], (1)
where A is a term related to the antenna structural mode [10].1 Here, we assume the relay has a
general (non-minimum-scattering) antenna, where A is complex valued [8]; further, |A| ≤ 1. We
let Γ0 and Γ1 take on general complex values satisfying |Γ0|, |Γ1| < 1. Furthermore, we denote B0
and B1 as the two values of B[n] corresponding to reflection coefficients Γ0 and Γ1, respectively.
For the rest of this work, we assume that the relay has knowledge of the bit-to-energy mapping
at the source, and the destination has knowledge of the bit-to-reflection coefficient mapping at
the relay through the use of pilot sequences, which are not explicitly considered here.
B. Interference Modelling
Denote the interference received by node i ∈ {R,D} in timeslot j ∈ {1, 2} as √PI,izi,j[n],
where PI,i is the received interference power, and zi,j[n], for all n, are independent and identically
1The structural mode value remains constant regardless of the antenna’s operating environment - it is a parameter based on
the geometry and construction of the antenna.
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8distributed (i.i.d.) interference samples following CN (0, 1). Given that the interference may be
the superposition of many unknown ambient signals, it is reasonable to model it using a complex
Gaussian distribution [14].
Due to the nature of backscatter relaying, the interference received at both relay and destination
jointly affects the detection at the destination. As a result, the correlation between the two
interference signals needs to be considered. We examine cases where zR,j[n] and zD,j[n] range
between fully correlated (i.e. are the same signals) to uncorrelated (i.e. the signals that make
up zR,j[n] and zD,j[n] are unique to each receiver), in order to capture different scenarios of
ambient interferers. Mathematically, we can express zD,j[n] in terms of zR,j[n] as
zD,j[n] = ρzR,j[n] +
√
1− ρ2 vD,j[n], (2)
where ρ ∈ [0, 1] denotes the correlation coefficient, and vD,j[n] is an independent dummy signal
following CN (0, 1).
C. The DF Scheme
As mentioned, two timeslots are required for each transmission under the DF scheme. The
signal received at the relay in the first timeslot is given by
yR[n] =
√
PS,1hSRx[n] +
√
PI,RzR,1[n] + wR[n], (3)
where PS,1 is the source transmit power in the first timeslot, x[n] ∈ {0, 1} is the OOK-modulated
source signal, and wR[n] is noise at the relay, following CN (0, Pw,R). We let the source transmit
a CW signal in the second timeslot with power PS,2 to boost the backscatter transmission at the
relay. Following demodulation in the first timeslot, the relay backscatters the incoming signal,
consisting of the CW signal from the source and the interference. Hence, the transmitted signal
from the backscatter relay in the second timeslot is given by
xR[n] = η
(√
PS,2hSR +
√
PI,RzR,2[n]
)
B[n]. (4)
Here, η ∈ (0, 1] is the backscatter switching loss coefficient and is modelled as a constant. In
turn, the destination receives
yD[n] =
√
hRDxR[n] +
√
PI,DzD,2[n] + wD[n]
= η
√
hRD
(√
PS,2hSR +
√
PI,RzR,2[n]
)
B[n] +
√
PI,DzD,2[n] + wD[n], (5)
where wD[n] is the noise at the destination and follows CN (0, Pw,D).
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9D. The AF Scheme
In the full-duplex AF scheme, the end-to-end transmission is completed in one timeslot. The
signal received at the relay is similar to (3) and given by
yR[n] =
√
PShSRx[n] +
√
PI,RzR,1[n]. (6)
Here, the source transmit power is denoted by PS . Note that (6) does not include the noise term.
This is because the received signal is directly backscattered by the relay and does not undergo
any processing. The baseband signal at the relay has the same form as (1); however, for the AF
operation, the backscatter reflection coefficient Γ[n] is set to the one which results in the larger
magnitude of B[n]. The larger reflection coefficient is denoted by Γ.2 Since Γ[n] is a constant,
we drop the indexing of B[n] and denote the baseband signal as B , A − Γ for the entire
transmission. The signal received at the destination is given by
yD[n] = η
√
hRDByR[n] +
√
PI,DzD,1[n] + wD[n] (7a)
= η
√
PShSRhRDBx[n] + η
√
PI,RhRDBzR,1[n] +
√
PI,DzD,1[n] + wD[n], (7b)
where in (7a), the first term represents the backscattered signal at the relay with the relay
baseband signal B, the second term is the interference received at the destination, and the third
term is the noise at the destination.
To compare the performance of the DF and AF schemes, we use the BER as the primary metric.
In the following section, we first propose detection statistics and derive detection thresholds for
OOK, and then derive the BER expressions under both DF and AF schemes.
IV. ENERGY-BASED DETECTION
We consider energy-based detection using the two-stage circuit presented in [3]. First, an
average envelope circuit collects the received signal energy over the length of one symbol (N
samples) and performs averaging to obtain the average received signal power. This quantity is
also referred to interchangeably as the test statistic for energy detection throughout this section.
The value of the test statistic is sent to a comparator and the received bit is determined using
a detection threshold. This threshold is determined using the distribution of the test statistic
corresponding to each bit. In this section, we derive both exact and Gaussian-approximated pdf
2More specifically, Γ = Γ0 if |A− Γ0| > |A− Γ1|, and Γ = Γ1 otherwise.
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of the test statistic conditioned on the bit sent, in addition to the detection thresholds for both
the exact and approximated distributions.
A. Detection Statistics at the Relay for the DF scheme
The average power of the received signal at the relay over one source symbol, namely the
test statistic ψDF,R, is given as
ψDF,R , 1
N
N−1∑
n=0
|yR[n]|2
=
1
N
N−1∑
n=0
∣∣∣√PS,1hSRx[n] +√PI,RzR,1[n] + wR[n]∣∣∣2 . (8)
Note that ψDF,R takes on two values: ψDF,R0 and ψ
DF,R
1 , corresponding to the cases where
x[n] = 0 and x[n] = 1, respectively. Then we have
ψDF,R0 =
N−1∑
n=0
PI,R|zR,1[n]|2 + |wR[n]|2
N
+
N−1∑
n=0
2Re
{√
PI,RzR,1[n]wR[n]
∗}
N
, (9a)
ψDF,R1 =
N−1∑
n=0
PI,R|zR,1[n]|2 + PS,1hSR + |wR[n]|2
N
+
N−1∑
n=0
2Re
{√
PI,RzR,1[n]wR[n]
∗}
N
+
N−1∑
n=0
2Re
{√
PS,1PI,RhSRzR,1[n]
∗}
N
+
N−1∑
n=0
2Re
{√
PS,1hSRwR[n]
∗}
N
. (9b)
Expanding (8) in terms of its real and imaginary components and evaluating the distribution of
each component yields the following proposition.
Proposition 1. The two values of the test statistic ψDF,R at the relay under the DF scheme can be
modelled as random variables ψDF,R0 ∼ Γ
(
N,
σ2DF
N
)
and ψDF,R1 ∼ NC-χ2
(
k = 2N ;λ =
2NPS,1hSR
σ2DF
)
,
and their exact pdfs, denoted by fDF,Rψ0 (x) and f
DF,R
ψ1
(x), are given by
fDF,Rψ0 (x) =
1
Γ(N)
(
N
σ2DF
)N
xN−1 exp
(
− Nx
σ2DF
)
, (10)
fDF,Rψ1 (x) =
N
σ2DF
exp
(
− N
σ2DF
(x+ PS,1hSR)
)(
x
PS,1hSR
)N−1
2
IN−1
(
2N
σ2DF
√
PS,1hSRx
)
,
(11)
where Γ(·) denotes the gamma function, Iν(·) denotes the modified Bessel function of the first
kind with order ν, and σ2DF = PI,R + Pw,R is common to both (10)-(11).
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Proof. The main steps for the derivation of (10) is presented in Appendix A. The derivation
of (11) is similar to the steps given in [16, Appendix A]; however, for completeness, the main
steps are also presented in Appendix A.
When N is large, we can invoke the central limit theorem (CLT) on (9a)-(9b) to obtain a
Gaussian approximation of the test statistic ψDF,R, given in the following proposition.
Proposition 2. As N →∞, the two values of the test statistic, ψDF,R0 and ψDF,R1 , follow Gaussian
distributions corresponding to
ψDF,R0 ∼ N (µ0, σˆ20), ψDF,R1 ∼ N (µ1, σˆ21), (12)
where the mean values are
µ0 = E{ψDF,R0 } = PI,R + Pw,R, µ1 = E{ψDF,R1 } = PS,1hSR + PI,R + Pw,R, (13)
and the variances are
σˆ20 =
1
N
Var
{∣∣∣√PI,RzR,1[n] + wR[n]∣∣∣2} = (PI,R + Pw,R)2
N
, (14)
σˆ21 =
1
N
Var
{∣∣∣√PS,1hSR +√PI,RzR,1[n] + wR[n]∣∣∣2} = 2PS,1hSR (PI,R + Pw,R)
N
+ σ20. (15)
Proof. The results in (14)-(15) can be readily derived by calculating the variance for each
individual term in (9a)-(9b), and then summing the variances over all terms.
B. Detection Statistics at the Destination for the DF Scheme
Given the backscatter modulation at the relay, the test statistic at the destination, denoted by
ψDF,D, depends on the relay baseband signal B[n]. Denote the average power of the received
signal at the destination over one symbol as
ψDF,D , 1
N
N−1∑
n=0
|yD[n]|2
=
1
N
N−1∑
n=0
∣∣∣η√hRD (√PS,2hSR +√PI,RzR,2[n])B[n] +√PI,DzD,2[n] + wD[n]∣∣∣2 .
(16)
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Note that ψDF,D takes on two values, ψDF,D0 and ψ
DF,D
1 , corresponding to the cases where the
relay transmitted bit 0 and 1 via backscattering, respectively. Then we have
ψDF,D0 =
1
N
N−1∑
n=0
|αDF,0 + βDF,0zR,2[n] + δvD,2[n] + wD[n]|2 , (17a)
ψDF,D1 =
1
N
N−1∑
n=0
|αDF,1 + βDF,1zR,2[n] + δvD,2[n] + wD[n]|2 , (17b)
where we have defined αDF,i = η
√
PS,2hSRhRDB[n], βDF,i = η
√
PI,RhRDB[n] + ρ
√
PI,D for
x[n] = i ∈ {0, 1}, and δ = √PI,D (1− ρ2). Expanding (17a)-(17b) in terms of its real and
imaginary components yields the following expressions for the pdf of ψDF,D0 and ψ
DF,D
1 .
Proposition 3. The two values of the test statistic, ψDF,Di , i ∈ {0, 1}, under the DF scheme at
the destination can be modelled as random variables ψDF,Di ∼ NC-χ2
(
k = 2N ;λ =
2N |αDF,i|2
σ2i
)
,
and their pdfs are given by
fDF,Dψi (x) =
N
σ2i
exp
(
−N
σ2i
(
x+ |αDF,i|2
))( x
|αDF,i|2
)N−1
2
IN−1
(
2N |αDF,i|
σ2i
√
x
)
, (18)
where σ2i = |βDF,i|2 + δ2 + Pw,D.
Proof. The derivation is analogous to the steps given for fDF,Rψ1 (x) in Appendix A.
Again, we can invoke the CLT on (17a)-(17b) to obtain the Gaussian approximation of the
test statistic ψDF,D, given in the following proposition.
Proposition 4. Under the Gaussian approximation, as N →∞,
ψDF,D0 ∼ N (µ0, σˆ20), ψDF,D1 ∼ N (µ1, σˆ21), (19)
where, for i ∈ {0, 1}, the mean values are
µi = |αDF,i|2 + |βDF,i|2 + δ2 + Pw,D, (20)
and the variances are
σˆ2i =
(|βDF,i|2 + δ2 + Pw,D)2 + 2|αDF,i|2 (|βDF,i|2 + δ2 + Pw,D)
N
. (21)
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C. Detection Statistics at the Destination for the AF Scheme
The average power of the signal received by the destination over one source symbol under
the AF scheme, namely the test statistic ψAF , is given by
ψAF , 1
N
N−1∑
n=0
|yD[n]|2
=
1
N
N−1∑
n=0
∣∣∣η√hRDB (√PShSRx[n] +√PI,RzR,1[n])+√PI,DzD,1[n] + wD[n]∣∣∣2 . (22)
Similar to the test statistics for the DF scheme, ψAF takes on two values, denoted by ψAF0 and
ψAF1 corresponding to x[n] = 0 and x[n] = 1, respectively. The two values of the test statistic
at the destination follows the same form as that in (17a)-(17b):
ψAF0 =
1
N
N−1∑
n=0
|βAF zR,1[n] + δvD,1[n] + wD[n]|2 , (23a)
ψAF1 =
1
N
N−1∑
n=0
|αAF + βAF zR,1[n] + δvD,1[n] + wD[n]|2 , (23b)
where αAF = η
√
PShSRhRDB, βAF = η
√
PI,RhRDB + ρ
√
PI,D and δ =
√
PI,D (1− ρ2). The
exact distribution of the test statistic and the Gaussian approximations are given in the following
two propositions.
Proposition 5. The two values of the test statistic ψAF at the relay under the AF scheme can be
modelled as random variables ψAF0 ∼ Γ
(
N,
σ2AF
N
)
and ψAF1 ∼ NC-χ2
(
k = 2N ;λ = 2N |αAF |
2
σ2AF
)
,
and their exact pdfs are given by
fAFψ0 (x) =
1
Γ(N)
(
N
σ2AF
)N
xN−1 exp
(
−Nx
σ2AF
)
, (24)
fAFψ1 (x) =
N
σ2AF
exp
(
− N
σ2AF
(
x+ |αAF |2
))( x
|αAF |2
)N−1
2
IN−1
(
2N |αAF |
σ2AF
√
x
)
, (25)
where σ2AF = |βAF |2 + δ2 + Pw,R is common to both pdfs.
Proposition 6. Under the Gaussian approximation, as N →∞,
ψAF0 ∼ N (µ0, σˆ20), ψAF1 ∼ N (µ1, σˆ21), (26)
where the mean values are
µ0 = |βAF |2 + δ2 + Pw,D, µ1 = |αAF |2 + |βAF |2 + δ2 + Pw,D, (27)
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and the variances are
σˆ20 =
(|βAF |2 + δ2 + Pw,D)2
N
, σˆ21 =
2|αAF |2 (|βAF |2 + δ2 + Pw,D)
N
+ σ20. (28)
It should be noted that slight abuses of notation have been used in Sec. IV-A to IV-C to
denote the distribution parameters of the test statistics in different cases. Specifically, µ0 and
µ1 denote the mean values for both the exact characterisation and Gaussian approximation of
the test statistic distributions. Moreover, σDF , σAF , σ0 and σ1 are parameters denoting certain
second-order statistics for the exact test statistic distributions; whereas σˆ0 and σˆ1 denote the
variances of the Gaussian approximations. These parameters have different expressions under
both DF and AF schemes, as well as for detection at the relay and destination.
D. Detection Threshold
The detected symbol at the relay or destination, denoted by xˆ[n], is determined according to
the following detection rule:
xˆ[n] =
1, ψ > T0, ψ < T, (29)
with ψ being a test statistic from Sec. IV-A to IV-C depending on the receiver and relaying
scheme, and T being a detection threshold.
The optimal detection thresholds for DF at relay, DF at destination and AF at destination
are derived by equating the two pdf expressions fψ0(x) and fψ1(x) in Propositions 1, 3 and 5,
respectively, and are summarised in the following proposition.
Proposition 7. The optimal detection thresholds for DF at the relay (denoted by T ∗DF,R), DF
at the destination (T ∗DF,D), and AF at the destination (T
∗
AF ), are the solutions to the following
equations, respectively:
pi
Γ(n)
(
N
√
PS,1hSRT ∗DF,R
σ2DF
)N−1
exp
(
NPS,1hSR
σ2DF
)
=
∫ pi
0
exp
(
2N
σ2DF
√
PS,1T ∗DF,R cos(θ)
)
cos(N − 1)θ dθ, (30)
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σ21
σ20
exp
((
N
σ21
− N
σ20
)
T ∗DF,D +
(
N |αDF,1|2
σ21
− N |αDF,0|
2
σ20
))( |B1|
|B0|
)N−1
×
∫ pi
0
exp
(
2N |αDF,0|
σ20
√
T ∗DF,D cos(θ)
)
cos(N − 1)θ dθ
=
∫ pi
0
exp
(
2N |αDF,1|
σ21
√
T ∗DF,D cos(θ)
)
cos(N − 1)θ dθ, (31)
pi
Γ(n)
(
N |αAF |
√
T ∗AF
σ2AF
)N−1
exp
(
N |αAF |2
σ2AF
)
=
∫ pi
0
exp
(
2N |αAF |
σ2AF
√
T ∗AF cos(θ)
)
cos(N−1)θ dθ,
(32)
with σ2DF , σ
2
AF , σ
2
0 , σ
2
1 , |αDF,0|, |αDF,1| and |αAF | given in Sec. IV-I to IV-C.
Proof. See Appendix B. Note that the derivation for (31) is similar to that presented in [16,
Appendix B], and is provided in Appendix B for completeness.
The detection thresholds for the Gaussian approximation are obtained by solving the equation
of the pdfs of the two random variables in (12), (19) and (26) in similar fashion compared
to [22]. However, we present the complete version of the result, which is summarised in the
following proposition.
Proposition 8. For either source-to-relay or relay-to-destination links under the DF scheme
and the source-to-destination link under the AF scheme, the Gaussian-approximated detection
threshold TG takes on two possible values:
TG =
(σˆ20µ1 − σˆ21µ0)± (σˆ20 − σˆ21)
√
σˆ20 σˆ
2
1
(
(µ0−µ1)2+2(σˆ20−σˆ21) ln
(
σˆ0
σˆ1
))
(σˆ20−σˆ21)
2
σˆ20 − σˆ21
, (33)
where if µ1 > µ0, the solution with the positive sign is taken; and the solution with the negative
sign is taken otherwise.
Proof. See Appendix C.
Note that the optimal detection thresholds for both the exact distribution and Gaussian ap-
proximation require different levels of knowledge about the test statistic for each symbol. In the
worst-case scenario, where no statistical knowledge is available, we propose a simple threshold
derived by taking the average of the entire set of test statistic values corresponding to all received
symbols, which mathematically equates to
TS ,
µ0 + µ1
2
. (34)
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V. BER PERFORMANCE AND SOURCE POWER OPTIMISATION
A. BER Performance
The BER expression for binary modulation over a single link is given as
pb = P(bit 0 sent) P(fψ1(x) > fψ0(x)) + P(bit 1 sent) P(fψ0(x) > fψ1(x)), (35)
where x is the value of the test statistic for that link. Under the DF scheme, the end-to-end
BER, denoted by pDFb , is a function of the two individual BERs for the source-to-relay and
relay-to-destination links respectively, and was shown in [26] to be
pDFb = p
(1)
b
(
1− p(2)b
)
+ p
(2)
b
(
1− p(1)b
)
= p
(1)
b + p
(2)
b − 2p(1)b p(2)b , (36)
where p(1)b and p
(2)
b are the source-to-relay and relay-to-destination BERs, respectively. The BER
in an AF system, denoted by pAFb , can be calculated directly using (35).
For each link, two expressions for the BER exist, corresponding to the cases where µ0 < µ1
and µ0 > µ1. We denote the two cases using subscripts a and b in the following equations.
1) DF scheme: The exact BER expressions for the source-to-relay link using the optimal
detection threshold can be written as
popt,1ab =
1
2
[
2− 1
Γ(N)
γ
(
N,
NT ∗DF,R
σ2
)
−QN
(√
2NPS,1
σ2
,
√
2NT ∗DF,R
σ2
)]
, (37a)
popt,1bb =
1
2
[
1
Γ(N)
γ
(
N,
NT ∗DF,R
σ2
)
+QN
(√
2NPS,1
σ2
,
√
2NT ∗DF,R
σ2
)]
, (37b)
where γ(a, x) =
∫ x
0
ta−1 e−t dt denotes the lower incomplete gamma function, and QM(a, b) =∫∞
b
x
(
x
a
)M−1
exp
(
−x2+a2
2
)
IM−1(ax) dx is the Marcum Q-function. Similarly, for the relay-
to-destination link, we have
popt,2ab =
1
2
[
1 +QN
(√
2N |αDF,0|2
σ20
,
√
2NT ∗DF,D
σ20
)
−QN
(√
2N |αDF,1|2
σ21
,
√
2NT ∗DF,D
σ21
)]
,
(38a)
popt,2bb =
1
2
[
1 +QN
(√
2N |αDF,1|2
σ21
,
√
2NT ∗DF,D
σ21
)
−QN
(√
2N |αDF,0|2
σ20
,
√
2NT ∗DF,D
σ20
)]
.
(38b)
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2) AF scheme: Since the relay does not process the source information signal, the source-
to-relay and relay-to-destination links can be effectively considered as one link. The exact BER
expression based on the optimal detection threshold can be written as
popt,AFab =
1
2
[
2− 1
Γ(N)
γ
(
N,
NT ∗AF
σ2
)
−QN
(√
2N |αAF |2
σ2
,
√
2NT ∗AF
σ2
)]
, (39a)
popt,AFbb =
1
2
[
1
Γ(N)
γ
(
N,
NT ∗AF
σ2
)
+QN
(√
2N |αAF |2
σ2
,
√
2NT ∗AF
σ2
)]
. (39b)
The exact BER expressions under the Gaussian-approximated and simple thresholds can be
readily obtained by substituting the solutions of (33) and (34) into the BER for the respective
link in the above sets of equations.
B. Source Power Optimisation under the DF Scheme
Due to the passive nature of the backscatter relay communication, it is expected that the
performance of the DF system is limited by the relay-to-destination link. Therefore, a key
question to be answered to ensure the optimal operation of the DF scheme is how much power
the source should allocate to the first timeslot compared to the second timeslot. The question
becomes particularly relevant when the source is subject to a power budget constraint.
We denote the total power budget of the source by PS , PS,1 + PS,2. The power allocation
problem can be written as
min
PS,1,PS,2
pDFb
s.t. PS,1 + PS,2 = PS.
(40)
Note that due to the incomplete gamma function and Marcum Q-function in (37)-(38) and the
threshold equations in (31)-(32), there is no closed-form solution to (40). However, by setting
PS,2 = PS − PS,1, the optimal allocation can be determined by taking the first derivative of
PDFb with respect to PS,1 and evaluating the roots. If there exist multiple roots to (40), then the
optimal power allocation can be determined by substituting each root into the BER expression
in (36) to determine the root resulting in the lowest BER.
In the case where a large portion of the power budget is allocated to the source-to-relay link,
the relay-to-destination link will perform poorly and affect the end-to-end performance. This
is due to the performance of backscatter devices being highly dependent on the incident signal
power. At the other extreme, when a large portion of power is assigned to the relay-to-destination
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TABLE I: List of system parameters.
Parameter Value
Carrier frequency, fc 915 MHz
Source-to-relay distance, dSR 6 m
Relay-to-destination distance, dRD 6 m
Path loss exponent, γ 2.5
Noise power at relay and destination, {Pw,R, Pw,D} {−100,−100} dBm
Antenna structural mode at relay, A 0.6047 + j0.5042 [10]
Reflection coefficients at relay, {Γ0,Γ1} {0.01A,−0.7680− j0.6404}
Backscatter switching loss coefficient, η −1.1 dB [28]
Samples per source symbol, N 20
link, that link will perform well at the expense of the source-to-relay link. As a result, end-to-end
BER performance is still poor. Intuitively, there exists an optimal power allocation, arising from
the case where the BER of the two individual links are roughly equal. This allocation occurs at
a point between the two mentioned extremes.
VI. NUMERICAL RESULTS
In this section, we numerically evaluate the performance of the proposed DF and AF backscat-
ter relaying schemes. The set of system parameters used to obtain the numerical results are
provided in Table I. Based on works such as [13], [27], we consider a BER in the range of 10−2
to 10−3 to be acceptable performance.
A. Performance under Optimal, Gaussian-Approximated and Simple Thresholds
Fig. 2 shows the BER of both DF and AF schemes, where the interference power at backscatter
relay and destination both take on a baseline value of −75 dBm, and the interference signals
are fully correlated (i.e. ρ = 1). For the DF scheme, the power allocation problem in (40)
is solved for each power budget value, and the resulting BER is obtained by substituting the
optimal allocation into the threshold equations in (30)-(34), and then the thresholds into the BER
equations in (37)-(39). The analytical performance of the optimal, Gaussian-approximated and
simple thresholds is compared with simulation results, which are obtained by averaging over
1000 iterations for each power budget value, where 10000 source symbols are transmitted per
iteration. We note that for both DF and AF schemes, the simulated BER results match exactly
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(a) DF scheme with optimised power allocation (b) AF scheme
Fig. 2: BER at destination vs. source power budget.
with analytical results obtained from the threshold expressions in Sec. IV and BER expressions
in Sec. V. Hence, we will only present analytical results in the following subsections.
The performance under the Gaussian-approximated threshold is in close agreement with that
of the optimal threshold for BER up to 10−3, and begins to exhibit some minor performance
degradation thereafter. In the high power budget regime, i.e. when the power budget is around
30 dBm, using the central limit theorem to approximate the test statistic distribution is no
longer suitable and results in considerably worse performance compared to optimal. However,
computation of the optimal threshold is highly complex; as a result, it is reasonable to say that
the Gaussian threshold performs satisfactorily for moderate BER requirements, given device-
level complexity considerations. Unless otherwise noted, in the following subsections we present
results using the Gaussian-approximated threshold only.
Compared to the simple threshold, the Gaussian-approximated threshold begins to exhibit
better performance once the BER decreases below 10−1, with the advantage improving to around
1 dB in the high power budget regime. Again, this demonstrates the trade-off required between
performance and complexity.
B. Effect of Interference Correlation
Next, we examine system behaviour when the correlation between the interference signals
at relay and destination is varied. We consider a scenario where the interference at the relay
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(a) DF scheme with optimised power allocation (b) AF scheme
Fig. 3: BER performance with varied correlation coefficient between the interference signals at
the relay and destination.
is much stronger than at the destination (i.e. PI,R  PI,D). We have verified that the trends
observed in these scenarios also generally hold in other interference scenarios, such as when
PI,R ≈ PI,D and when PI,R  PI,D.
Fig. 3(a) shows the BER performance of DF relaying at three power budgets: 26, 28 and
30 dBm, under optimal power allocation. Overall, it is noted that the effect of interference
correlation on the BER is small enough so as to not significantly affect overall performance.
The effect of interference correlation on BER performance is still marginal under the AF
scheme; however, there exists a more noticeable trend where the BER increases as ρ increases,
as shown in Fig. 3(b). As the relay does not process the incoming signal, the interference received
by the relay is forwarded to the destination. This is unlike the DF scheme, where a decoding
decision is made in the presence of zR,1[n], and the interference zR,2[n] received at the relay in
the second timeslot is combined with the demodulated bits, effectively resulting in the destination
receiving only one source of interference. Hence, larger correlation under the AF scheme results
in essentially stronger interference when the destination performs decoding.
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(a) Varying PI,R with PI,D = −75 dBm (b) Varying PI,D with PI,R = −75 dBm
Fig. 4: Optimal power allocation for the first timeslot as a percentage of total power budget.
Fig. 5: Combined BER for end-to-end transmission under the DF scheme, in addition to BERs
for the source-to-relay and relay-to-destination links vs. power allocation to the first timeslot.
C. Optimal Power Allocation under DF Scheme
Fig. 4 shows the optimal percentage of power allocated to the first timeslot under the DF
scheme, with either the interference power at the relay (PI,R) or the destination (PI,D) held
constant at the baseline value of −75 dBm. It is evident that the optimal percentage is far below
50% for a range of values for the interference power at the relay, meaning the majority of power
is assigned to the second timeslot. This is because the information signal backscattered from
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the relay to the destination is typically much weaker than the interference signal received by
the destination. To boost the backscattered signal strength, the source needs to transmit a high-
power CW signal. This implies that the relay-to-destination link is the limiting link under most
circumstances and hence requires larger power allocation, and is consistent with the trend that
the proportion of power allocated to the first timeslot reduces as more power is available at the
source, regardless of interference levels.
Fig. 5 plots the BER under the DF scheme for a range of power budgets, in addition to
the individual contributions of the source-to-relay and relay-to-destination link BER. One can
observe that the optimal value of PS,1 occurs around the point where the BER for the relay-to-
destination converges with the combined BER in (36). This is close to the point where p(1)b = p
(2)
b ,
confirming intuition in Sec. V. Past this point, the combined BER is largely dependent on p(2)b .
For small power budgets, even if the majority of the power is allocated to the second timeslot,
the overall performance is ultimately limited by the BER of the source-to-relay link.
D. Comparison Between DF and AF Schemes
We then compare the performance of the DF and AF schemes under scenarios where the
interference power at the relay or destination is varied, and present our most significant finding
in this subsection.
(a) Vary PI,R, fix PI,D (b) Vary PI,D, fix PI,R
Fig. 6: Comparison between the DF and AF schemes under varying interference powers received
at the relay or destination.
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Fig. 6 compares the BER performance of the DF and AF schemes where the interference
power at either the relay or destination is varied, with the power of the other interference held
constant at −75 dBm. Notably, when the relay experiences strong interference, such that it is
more than 20 dB larger than that at the destination, DF offers small improvements over AF for
the range of feasible power budgets. Over the BER range of 10−2 to 10−3, the improvement
when PI,R = −45 dBm is observed to be approximately 0.8− 1 dB, as shown in Fig. 6(a).
It is interesting to note that while performance improves under the AF scheme as interference
power experienced at the relay weakens (albeit with diminishing returns), the opposite is observed
with DF. This is attributed to the fact that stronger interference at the relay leads to a stronger
backscattered signal received by the destination in the second timeslot. Strong interference at the
relay is actually beneficial when the signal from the source is too weak to support backscatter
transmission. As the received signal power from the source exceeds that of the interference, this
behaviour is reversed at PS ≈ 28 dBm, leading to marginal BER improvement at 30 dBm when
PI,R = −65 dBm as opposed to −45 dBm, as shown in Fig. 6(a).
Conversely, when the interference experienced by the relay is held constant, both schemes
perform almost identically, as shown in Fig. 6(b). However, BER performance only becomes
acceptable when PI,D is suppressed to be close to −75 dBm or less. This reaffirms the fact
that interference at the destination is the main determinant of detection performance. These
properties are unique to the backscatter relay system and could give rise to applications where
interference mitigation is of importance, or where interference could be judiciously used to
enhance performance.
Finally, we illustrate the impact of the choice of reflection coefficient at the backscatter relay.
Note that the values of Γ0 and Γ1, given in Table 1 and used in all previous results, represent
an ideal case for perfect OOK modulation, i.e. the antenna and load impedances at the relay are
perfectly matched. In practice, impedance matching may not be performed optimally. Hence, we
also consider a different set of values for Γ0 and Γ1, similar to the case considered in [10].
Fig. 7 compares the performance of the DF and AF schemes when the reflection coefficients
used at the relay are Γ0 = 1 and Γ1 = −1. It is observed that the AF scheme outperforms the
DF scheme under all interference scenarios by considerable margins. This is due to the fact that
using the AF scheme, the relay uses the impedance that results in higher average signal power
received at the destination, regardless of the bit transmitted by the source; whereas with DF,
both relay impedances are used, leading to lower average received power. As the interference
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(a) Vary PI,R, fix PI,D (b) Vary PI,D, fix PI,R
Fig. 7: Comparison between the DF and AF schemes under varying interference powers received
at the relay or destination, with Γ0 = 1 and Γ1 = −1.
power at the relay is increased, similar trends compared to Fig. 6(a) are observed, where the
performance of the DF scheme improves and that of AF deteriorates; however, AF outperforms
DF by more than 1.5 dB when the interference power is weaker.
The effect of varying interference power at the destination is shown in Fig. 7(b). Here, AF
outperforms DF over the range of power budgets, and the advantage of AF upon DF is almost 2
dB when the BER is below 10−3. This suggests that deviating from perfect OOK modulation by
using other reflection coefficients drastically degrades the performance of the DF scheme, while
only resulting in moderate degradation for the AF scheme. As a result, AF outperforms DF in
relative terms. Comparing the minimum BER observed in Fig. 6 and Fig. 7, it can be seen that
a simple choice of reflection coefficients results in performance degradation for both schemes.
E. Summary of Results
Our main findings on the backscatter relay system are as follows:
• Both the DF and AF schemes have the potential to outperform each other. DF has a slight
advantage over AF when the interference power received at the relay is much stronger
than the interference power received by the destination. AF significantly outperforms DF
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when there is imperfect impedance matching, such that the reflection coefficients do not
correspond to perfect OOK modulation.
• For both the DF and AF schemes, BER performance is mostly insensitive to the correlation
between interference signals received at the relay and destination; that is, a large change in
interference correlation causes insignificant change in the BER.
• For the DF scheme, interference received by the backscatter relay can be beneficial, es-
pecially when the source has allocated limited power to support the relay-to-destination
transmission.
• For the DF scheme, the optimal allocation of source power budget assigns a much larger
proportion of power to the second timeslot to support the relay-to-destination link. Improper
choices of power allocation can result in significant performance degradation.
VII. CONCLUSION AND FUTURE WORK
In this paper, the performance of the DF and AF backscatter relaying schemes in the presence
of ambient interference was examined. The exact and approximate distributions of the average
received signal power at both relay and destination were derived, which enabled us to formulate
the corresponding test statistics required to obtain the detection thresholds for energy-based
detection. The optimal power allocation at the source under the DF scheme was also studied.
Several notable results were observed and are summarised in Sec. VI-E.
This paper provides a fundamental analysis for the relay use case of backscatter devices; as
such, a number of scenarios remain to be studied. The assumption used in this work that the
circuit energy consumption at the relay is negligible can be replaced with a realistic circuit model
to analyse its effects on performance. The effect of error correction coding on BER performance
can be examined, taking energy consumption into account. Finally, the multi-hop backscatter
relaying with mode selection between the DF and AF schemes can be considered.
APPENDIX A
PROOF OF PROPOSITION 1
We expand the expression for the test statistic under the DF scheme at the relay into its real
and imaginary components and characterise its exact distribution. For ψDF,R0 , we have
ψDF,R0 =
1
N
N−1∑
n=0
∣∣∣√PI,RzR,1[n] + wR[n]∣∣∣2 (41)
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=
1
N
N−1∑
n=0
(√
PI,Rzr[n] + wr[n]
)2
+
1
N
N−1∑
n=0
(√
PI,Rzi[n] + wi[n]
)2
, (42)
where zr[n], zi[n] and wr[n], wi[n] denote the real and imaginary components of zR,1[n] and
wR[n], respectively, here and elsewhere in the appendices. Note that (42) represents the sum of
2N squared zero-mean Gaussian random variables, each with variance ς2 = 1
2
(PI,R + Pw,R).
Denote each Gaussian random variable by X ∼ N (0, ς2). It follows that X
ς
∼ N (0, 1); and
squaring both sides gives X
2
ς2
∼ χ2(1) = Γ(1
2
, 2), i.e. a gamma distribution. By the scaling
properties of gamma random variables, we obtain X ∼ Γ(1
2
, 2ς2) after rearranging. Summing
2N i.i.d. gamma random variables and multiplying by the factor 1
N
gives ψDF,R0 ∼ Γ
(
N, 2ς
2
N
)
,
which is equivalent to the representation in (10).
The derivation is similar for ψDF,R1 and is based off the proof in [16]. We let Ψ1 =
2N
ς2
ψ1, which
takes into account the variances of the Gaussian random variables in the following equations:
Ψ1 =
2
ς2
N−1∑
n=0
∣∣∣√PS,1hSRx[n] +√PI,RzR,1[n] + wR[n]∣∣∣2 (43)
=
2
ς2
N−1∑
n=0
(√
PS,1hSR +
√
PI,Rzr[n] + wr[n]
)2
+
2
ς2
N−1∑
n=0
(√
PI,Rzi[n] + wi[n]
)2
. (44)
Again, there are 2N squares of i.i.d. Gaussian random variables each with nonzero mean and
variance ς2 in (44). When summed, the result is a NC-χ2 random variable with 2N degrees
of freedom. The noncentrality parameter λ is dependent on the means of the Gaussian random
variables in (44), calculated as follows:
λ =
2
ς2
N−1∑
n=0
(√
PS,1hSR
)2
=
2NPS,1hSR
ς2
. (45)
Note that ψDF,R1 is obtained again by scaling Ψ1 by
σ2
2N
; however, this does not affect the
noncentrality parameter in (45). Given that there are 2N degrees of freedom for the NC-χ2
random variable, we obtain the representation in (11).
APPENDIX B
PROOF OF PROPOSITION 7
We present the derivation for (30)-(31). Note that the modified Bessel function of the first
kind Iν(·) can be written in the following integral form for integer values of v:
Iν(x) =
1
pi
∫ pi
0
exp (x cos(θ)) cos(vθ) dθ. (46)
April 3, 2019 DRAFT
27
Therefore, for the DF scheme at the relay, equating the pdfs for each symbol gives the following:
1
Γ(n)
(
σ2DF
N
)N xN−1 exp(− Nxσ2DF
)
=
N
piσ2DF
exp
(
− N
σ2DF
(x+ PS,1hSR)
)(
σ2DFx
PS,1hSR
)N−1
2
×
∫ pi
0
exp
(
2N
σ2DF
√
PS,1hSRx cos(θ)
)
cos(N − 1)θ dθ. (47)
Rearranging and simplifying (47) results in the expression in (30). For the DF scheme at the
destination, the two pdfs given in (18) are set equal to each other (we denote the integrals in
fψ0(x) and fψ1(x) as I0 and I1, respectively):
N
σ20
exp
(
−N
σ20
(
x+|αDF,0|2
))( σ20x
|αDF,0|2
)N−1
2
I0 =
N
σ21
exp
(
−N
σ21
(
x+|αDF,1|2
))( σ21x
|αDF,1|2
)N−1
2
I1.
(48)
When simplified, (48) can be written as
σ21
σ20
exp
((
N
σ21
− N
σ20
)
x+
(
N |αDF,1|2
σ21
− N |αDF,0|
2
σ20
))( |αDF,1|2
|αDF,0|2
)N−1
2
I0 = I1. (49)
Note that the only difference between |αDF,0|2 and |αDF,1|2 is the relay baseband signal, which
are B0 and B1 for the two terms, respectively. From this, we arrive at the expression in (31).
The result in (32) can be obtained analogously by following the steps taken to derive (30).
APPENDIX C
PROOF OF PROPOSITION 8
The proof is non-trivial, as we need to account all values of µ0, µ1 and σˆ0, σˆ1 when the
value of the exact maximum-likelihood (ML) detection boundary is unknown. When the means
and variances of the test statistics are available at a receiver (either relay or destination), the
Gaussian-approximated pdf of any pair of ψ0 and ψ1 from Sec. IV-A to IV-C are given by
fψ0(x) =
1√
2piσˆ20
exp
(
−(x− µ0)
2
2σˆ20
)
, fψ1(x) =
1√
2piσˆ21
exp
(
−(x− µ1)
2
2σˆ21
)
. (50)
The equation fψ0(x) = fψ1(x) can be simplified to give(
σˆ21 − σˆ20
)
x2 + 2
(
σˆ20µ1 − σˆ21µ0
)
x+
(
σˆ21µ
2
0 − σˆ20µ21 − 2σˆ20σˆ21 ln
(
σˆ1
σˆ0
))
= 0. (51)
When |B1| > |B0|, it follows that µ1 > µ0 and σˆ21 > σˆ20 , and that there are exactly two solutions.
Solving (51) gives the result in (33). In the following, we present the conditions under which
TG takes the solution with the positive sign (i.e. the positive solution), with the conditions for
the solution with the negative sign (i.e. the negative solution) obtained analogously.
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Examining the solution expressions in (33), we see that the square root term always takes on
a positive value: σˆ20σˆ
2
1 is always positive, (µ0 − µ1)2 always takes on a positive value, σˆ20 − σˆ21
always takes on a negative value from the variance expressions in Propositions 2, 4 and 6; and
the natural logarithm term always takes on a negative value. Hence, we must examine the term
σˆ20µ1−σˆ21µ0
σˆ20−σˆ21 . If this term is smaller than the square root term then we are done; the negative solution
in (33) takes on a negative value, which is not feasible with energy detection. If this term is
larger than the square root term, then both solutions of (33) take on a positive value.
For the latter case, we wish to show that one solution to (33) is always smaller than µ0; and
as a result, the solution closer to the ML threshold is always the positive solution of (33). Let
µ1 = (1 + ε)µ0 where ε > 0, and σˆ20, σˆ
2
1 take on arbitrary values. After simplification, we have
σˆ20µ1 − σˆ21µ0
σˆ20 − σˆ21
=
σˆ20(1 + ε)µ0 − σˆ21µ0
σˆ20 − σˆ21
=
µ0 (σˆ
2
0(1 + ε)− σˆ21)
σˆ20 − σˆ21
= µ0
(
1 +
εσˆ20
σˆ20 − σˆ21
)
. (52)
Now we need to show that(
1 +
εσˆ20
σˆ20 − σˆ21
)
µ0 −
√√√√ σˆ20σˆ21 ((µ0 − µ1)2 + 2 (σˆ20 − σˆ21) ln( σˆ0σˆ1))
(σˆ20 − σˆ21)2
< µ0, ∀ε > 0. (53)
We simplify the square root term as follows:√√√√ σˆ20σˆ21 ((µ0 − µ1)2 + 2 (σˆ20 − σˆ21) ln( σˆ0σˆ1))
(σˆ20 − σˆ21)2
=
√
σˆ20σˆ
2
1
(σˆ20 − σˆ21)2
(
ε2µ20 + 2 (σˆ
2
0 − σˆ21) ln
(
σˆ0
σˆ1
))
≥ εµ0
√
σˆ20σˆ
2
1
(σˆ20 − σˆ21)2
. (54)
The approximation in the above step is feasible as (54) acts as a lower bound for the square
root term. Substituting into (53), the condition to prove becomes(
1 +
εσˆ20
σˆ20 − σˆ21
)
µ0 − εµ0
√
σˆ20σˆ
2
1
(σˆ20 − σˆ21)2
< µ0
1 +
εσˆ20
σˆ20 − σˆ21
− ε
√
σˆ20σˆ
2
1
(σˆ20 − σˆ21)2
< 1
σˆ20
σˆ20 − σˆ21
<
√
σˆ20σˆ
2
1
(σˆ20 − σˆ21)2
, ∀ε > 0. (55)
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As σˆ
2
0
σˆ20−σˆ21 < 0, the negative solution to (33) is always smaller than µ0 regardless of ε. The negative
solution is closest to µ0+µ1
2
(a good approximation for the ML threshold at low SNR, see Fig.
2) when µ0 = µ1. Hence, the positive solution to (33) is always closer to the ML threshold for
all other µ0. When |B0| > |B1|, (55) no longer holds, as σˆ20 > σˆ21; and by contradiction, the
negative solution must be the one closer to the ML threshold. This completes the proof.
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